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Abstract 

We derive fully covariant expressions for all two-point scattering amplitudes of 
two massless closed strings from a Dirichlet p-brane This construction relies on the 
observation that there is a simple relation between these D-brane amplitudes in type 
II superstring theory and four-point scattering amplitudes for type I open super- 
strings. From the two-point amplitudes, we derive the long range background fields 
for the D-branes, and verify that as expected they correspond to those of extremally 
charged p-brane solutions of the low energy effective action. 
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1 Introduction 



Recent exciting progress in string theory has revealed many new connections between 
superstring theories which had previously been regarded as distinct theories [0]. In fact it 
may be that all string theories are different phases of a single underlying theory in eleven or 
twelve dimensions [@. Within these discussions, extended objects, other than just strings, 
play an important role. Hence these developments have generated a renewed interest in 
p-branes (i.e., p-dimensional extended objects) and their interactions. 

In type II superstring theories, there is a remarkably simple description of p-branes 
carrying Ramond-Ramond (R-R) charges 0. The string background is taken to be sim- 
ply flat empty space, however interactions of closed superstrings with these p-branes are 
described by world-sheets with boundaries fixed to a particular surface at the position of 
a p-brane. The latter is accomplished by imposing Dirichlet boundary conditions on the 
world-sheet fields j|, H. Hence these objects are referred to as Dirichlet p-branes (Dp- 
branes) or generically as simply D-branes. Within the type Ha theory, the Dp-branes can 
have p = 0, 2, 4, 6 or 8, while for the type lib strings, p ranges over —1, 1, 3, 5, 7, 9 |J. So 
far there have been only limited results in calculating the scattering amplitudes describing 
the interactions of closed strings with D-branes || [7], ||, and the present paper provides an 
extension of these previous works. 

The paper is organized as follows: In the following section we describe the calculation 
of the scattering of two massless states in the Neveu-Schwarz-Neveu-Schwarz (NS-NS) 
closed string sector from a Dirichlet p-brane using conformal field theory techniques. Our 
result extends the calculation of Klebanov and Thorlacius to fully covariant amplitudes 
(without any restrictions on the polarization tensor). We conclude this section by observing 
that the above calculation exactly parallels that of a four-point amplitude of massless NS 
states for the open superstring. This observation then provides a general method for the 
construction of any two-point D-brane amplitude. In section ^| we present all other two- 
point amplitudes for scattering from a Dirichlet p-brane by using previously calculated 
open superstring amplitudes. Our results include the scattering amplitudes with bosonic 
R-R states, and also fermionic NS-R and R-NS states. In section [|, we examine the 
massless closed string poles in these amplitudes. By comparing these terms to those in 
analogous field theory calculations, we are able to extract the long range background fields 
surrounding a Dp-branes. Our calculations verify that these fields do correspond to those 
of extremally charged p-brane solutions of the low energy theory. We conclude with a 
discussion of our results in section |^. Appendices ^ and [B] contain some useful information 
on the conventions used in our calculations. 

2 NS-NS scattering amplitudes 

We begin by calculating the amplitudes describing the scattering of two massless NS-NS 
states from a Dirichlet p-brane (i.e., the scattering of gravitons, dilatons or Kalb-Ramond 
(antisymmetric tensor) states). The amplitudes are calculated as two closed string vertex 
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operator insertions on a disk with appropriate boundary conditions [Q, ^ . For a Dp-brane,[] 
standard Neumann boundary conditions are imposed at the disk boundary on the world- 
sheet fields associated with the p + 1 directions parallel to the brane's world-volume. The 
fields associated with the remaining 9 — p coordinates orthogonal to the brane satisfy 
Dirichlet boundary conditions, which fixes the world-sheet boundary to the p-brane. Using 
a conformal transformation, the amplitude can be represented as a calculation in the upper 
half of the complex plane with the real axis as the world-sheet boundary The amplitude 
may then be written as 



A ~ J d\ d% ( V-y(z u z x ) V 2 (z 2 , z 2 ) ) (1) 
where the vertex operators are 

Vi{z u zx) = £i^^i(pi,2i) : : V"i(pi,Zi) : 

V 2 (z 2 ,z 2 ) = e 2 ^--V ^(p 2 ,z 2 y ■■Vq(p 2} z 2 Y- . (2) 
The holomorphic components above are given by 

V^(pi,zi) = e-^ zl) ^( Zl )e ipi - x{zi) 

Vffazt) = (dX»(z 2 ) + ip 2 -i>(z 2 W 1 (z 2 )) e l ^ x ^ . (3) 

The antiholomorphic components take the same form as in eq. (§) but with the left-moving 
fields replaced by their right-moving counterparts - i.e., X(z) —>■ X(z), ip(z) ip(z), and 
4>(z) — > 4>{z). As usual, the momenta and polarization tensors satisfy 

Pi , J)j £ifiu &i[xv Pi 

and the various physical states would be represented with 

graviton : e ifJiV = e iv ^ = 
dilaton : e ifXV = —= (rj^ - p iti £ iu - l ifl p iu ) where p v ii = 1 
Kalb — Ramond : = —Si Ufl . (4) 

In the amplitude (|I|), both integrals run over the upper half of the complex plane. As 
a result, this expression is actually divergent because of the SL(2, R) invariance of the 
integrand. We chose to fix this SL(2, R) invariance by hand (as opposed to introducing 
diffeomorphism ghosts) since we found it to be a useful intermediate check of our calcula- 
tions. 



1 A p-brane is an object extended in p spatial directions which then sweeps out a, p + 1 dimensional 
world- volume in ten-dimensional Minkowski-signature spacetime. The special case, p = — 1, refers to a 
Euclidean instanton. 
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Separately, the left- and right-moving fields have standard propagators on the upper 
half plane, e.g., 

(X»{z) X v {w)) = -rf v log(* - w) 



z — w 

(<f>(z) <p(w)) = -log(z-w) (5) 

with analogous expressions for the right-movers (see || |10|). As a result of the boundary 
at the real axis, there are also nontrivial correlators between the right- and left-modes as 
well 

(X»{z)X v {w)) = -D^ log(> - w) (6) 

(r(z)r(w)) = (7) 

z — w 

(<j>(z) <p(w)) = -log(z-w) . 

These propagators have the standard form (JD for the fields satisfying Neumann boundary 
conditions, while the matrix D reverses the sign for the fields satisfying Dirichlet conditions, 
i.e., , for X M and ^ for \i = p + 1, . . . , 9 (see eq. (|63|) in Appendix To simplify the 
calculations, we make the replacements 

x»(z) - d\ x\z) r(z) - d\ r(z) m - m ^ 

and which allows us to use the standard correlators @ throughout our calculations, i.e., 
we extend the fields to the entire complex plane 0. With these replacements, the vertex 
operators (Q) become 

V 1 {z ll z 1 ) = e 1 ^D\:V» 1 (p 1 ,z 1 y--V» 1 (D-p 1 ,z 1 ): 
V 2 (z 2 ,z 2 ) = e 2llX D\:V^(p 2 ,z 2 y.:V ^D-p 2 ,z 2 y. 

using only the expressions in eq. (|3|). 

It is then straightforward to evaluate the correlation function appearing in the ampli- 
tude (|1]), and to confirm that the result is SL(2,R) invariant. To fix this invariance, we 
set zi = iy and z 2 = i. Introducing the appropriate SL(2, R) Jacobian^] 

d\ d 2 z 2 -> 4(1 - y 2 )dy 

we are left with a single real integral of the form 

A = -ifiT p 2 Pl ' %+B ' &P2+1 f 1 dy y P2 - D - p2 (l-y) 2pvP2 (l+y) 2pi - D - p2 

Jo 



X 



1 (l-y) 



(9) 



2 Our conventions are such that z = x + iy and d 2 z = 2dxdy. 
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where a\ and 02 are two kinematic factors depending only on the spacetime momenta 
and polarization tensors. We have also normalized the amplitude at this point by the 
introduction of factors of k and T p , the closed string and D-brane coupling constants, 
respectively.^ The easiest approach to evaluating these integrals is to transform 

_ 1 _ 31/2 
V ~ 1 + x 1 / 2 

which essentially maps the integral to a radial integral on the unit disk. This transformation 
has two remarkable effects: First, the momentum-dependent power of two which appears 
as an overall factor in eq. [5] is cancelled using various momentum identities (see Appendix 
[A]). In particular, one has momentum conservation in the directions parallel to the p-brane, 

( Pl + D- Pl +p 2 + D-p 2 y = . (10) 

The second effect is that the remaining integrals take the form of Euler beta functions. 
Hence, the final result may be written as 

nT v Y(-t/2)Y(2q 2 ) ( , t \ 
A=-i — — 1 y L [2q 2 a 1 + - a 2 ) 11 
2 r(l -t/2 + 2q 2 ) V 2 V y J 

where t = — (pi + P2) 2 — —^V\'Vi is the momentum transfer to the p-brane, and q 2 = 
Pi-V-pi = \p\-D-p\ is the momentum flowing parallel to the world- volume of the brane 
(see Appendix [A]). The kinematic factors above are: 

a\ = Tr(e 1 -D)pvS2-pi-pi-S2-D-s v p2-pi-e 2 -£i-D-p 1 

-p 1 -E T 2 -E l -D-p 1 -p l -S2-s T l -p2 + q 2 ^(e 1 -E T 2 ) + {l i — ► 2} (12) 

a 2 = Tr(e 1 -D)(p 1 -E2-D-p2+p2-D-E2-pi+P2-D-E2-D-p2) 

+p r D-E V D-E2-D-p2 -p2-D-E 2 -e{-D-p x + q 2 Tr( y E 1 -D-E 2 -D) 
-q 2 Tr(e 1 -el)-Tr(e 1 -D)Tr(e2-D)(q 2 -t/4:) + {l< — .2} . (13) 

Our notation is such that e.g., p\-e 2 -s\-D-pi = Pi £2^ £i Xu D\ p p1. 

From the gamma function factors appearing in eq. (p]) , we see that the amplitudes 
contain two infinite series poles[] corresponding to closed string states in the t-channel 
with a'm 2 = An, and to open string states in the q 2 - or s-channel with a'm 2 = n, with 
n = 0,l,2,.... As is evident the final amplitude is symmetric under the interchange of the 
two string states, i.e., 1 < — > 2, despite the asymmetric appearance of the initial integrand 

3 Here and in the subsequent amplitudes, we omit the Dirac delta-function which imposes momentum 
conservation in the directions to the p-brane world-volume, i.e., eq. (|To|) . We have introduced a phase —i 
though which corresponds to that of the analogous field theory amplitudes calculated in Minkowski space 



see sect. [4.2 . 

4 We explicitly restore a' here. Otherwise our conventions set a' = 2. 
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in eq. ([TJ). Another check is that the amplitude satisfies the Ward identities associated 
with the gauge invariances of these states, i.e., the amplitude vanishes upon substituting 
— ► Pin Qiu or qi^Piv, where q% • Pi = 0. In the special case that the polarization tensors 
have non-vanishing components only in directions perpendicular to the world-volume of the 
p-brane {i.e., following Appendix |A|, V^ u e iup = = e illv V y ' p ) the results simplify greatly. 
In this case, we find for two gravitons 

KarH/qrd + tf)^ 

2 r(l -t/2 + 2q 2 ) H K J 
while for two Kalb-Ramond particles, 

A = g=^Ml±^ Uhw* + (« - 2^)TV( £ , £l 



2 T(l-t/2 + 2g 2 

which agrees with the results of Ref. || [7j . 

The purpose behind our rather lengthy description of the calculations for the NS-NS 
scattering amplitudes is to compare these calculations to that of an apparently unrelated 
scattering amplitude, namely, the amplitude for four massless NS vectors in open super- 
string theory. The latter would be calculated as four vertex operator insertions on the 
boundary of a disk on which Neumann boundary conditions are imposed. Again the disk 
can be mapped to the upper half of the complex plane, in which case the amplitude becomes 

A ~ J dxidx 2 dx 3 dx 4 (-C 1 ■ V-i(2k u xi)- < 2 ■ V (2k 2 , x 2 )'- 

x <3 • V (2k 3 , x 3 ): -Ca ■ V^(2k 4 , x 4 ) : ) (14) 

where the vertex operators are written in terms of the same components given in eq. @ 
which were used to construct the previous closed string amplitudes.^ One evaluates the 
correlation functions using the same standard propagators appearing in eq. fl5|). In this 
amplitude (|T3|), xi lie on the real axis and the range of integration is — oo < x\ < x 2 < 
x 3 < x a < oo. Therefore this expression diverges because of the SL(2, R) invariance of the 
integrand. The standard approach to fixing this invariance is to set X\ = 0, x 2 = x, x 3 = 
1, X4 = 00. Here, we make an alternate choice instead setting x\ = —1, x 2 = —x 3 , x 3 = x, 
and £4 = 1. Introducing the appropriate SL(2, R) Jacobian, 

dx\ dx 2 dx 3 dx 4 — > (1 — x 2 )dx 

we are left with a single real integral 

A~ ( dxx^ k Hl-xf kvk Hl + 
Jo 



x) 8kvk3 



1 — X , 



2 0,1 A^(-i _j_ ~\ ° 2 



1 — X 2 4x(l + X 



Each open string vertex operator is labelled with momentum 2ki since we maintain our convention 
that a' = 2 even though this is an open string scattering amplitude. 
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which has essentially the same form as eq. ([5]) for the closed string amplitudes. The final 
result here is well-known [[II] and may be written as[] 



A(di fell Ca, k 2 ; Cs, ^s; C4, fc 4 ) = -^ 2 ^4~J7~S~TT? ~T n ^CCi. fell C2, k 2 ; Cs, ^3; C4, • 

(15) 

where g is the open string coupling constant. The (rather lengthy) kinematic factor may 
be written as 

K = -Wk 2 -k 3 k 2 -k 4 Cr (2(3^4 

-4kl-k 2 ((l-h( 3 -fa(2-(4 + C,2-h( A -ki Cl<3 + Cl-^3C4-feC2-C3 + C2 " ^4 C3 " Cl ' C*) 

+{1,2,3,4- 1,3,2,4} + {1,2,3,4 -1,4,3,2} . 

One can see that this expression displays an infinite set of open string poles in both the s- 
and t-channels with a'm? = n where n = 0,l,2,.... 

Now what becomes clear from this discussion is that both calculations involve precisely 
the same correlation functions and exactly the same integrals after fixing the SL(2, R) 
invariance. Thus up to an overall normalization of the coupling constants, both amplitudes 
are identical. One need only make the following substitution to convert the four vector 
amplitude in the open superstring theory into a D-brane amplitude for two NS-NS closed 
superstring states: 

ClAi ® Civ -> ^\D X V 

(2(1 ® Cs, -> e 2 „xD x u , (16) 

as well as replacing g 2 — inT p . We have directly confirmed that these replacements 
in eq. flT5| ) precisely reproduce the results in eqs. ( pT) - p^ ). It is interesting to note that 
with these substitutions momentum conservation in the open string amplitude becomes 
precisely momentum conservation in the directions parallel to the D-brane as in eq. (110) ■ 
These observations above allow us to easily calculate any Dirichlet two-point amplitudes 
by simply using the well-known results for four-point open string scattering amplitudes 
|TT|] , as described in the following section. 



3 Dirichlet two-point amplitudes 

The relation between the four- vector scattering amplitude for the open superstring and the 
two-point amplitude for scattering of two NS-NS closed superstring states from a Dirichlet 

6 Hcrc and in the following section, we present the open superstring amplitudes as calculated with the 
conformal field theory conventions described above — see also Appendix M for spin operators. 
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brane may seem somewhat surprising. In fact, it might be regarded as an extension of the 



results in Ref. [fL2jl . There it was shown that closed string amplitudes could be expressed as 
products of open string amplitudes corresponding to the correlation functions appearing 
in the independent right- and left-moving sectors along with certain "sewing" factors. 
The present case is similar except that with the D-brane boundary conditions, the right- 
and left-movers are naturally "sewn" together in a single open string amplitude. Given 
this idea, it is straightforward to write down all of the remaining Dirichlet brane two- 
point amplitudes using the well-known four-particle open superstring amplitudes involving 
massless spinors, as well as vectors. These amplitudes may all be expressed in the form 


A(l, 2, 3, 4) = --g -^-—--—-^(i, 2, 3, 4) . (17) 
The various kinematic factors are then given by 

K(ui, u 2 , u 3 , « 4 ) = -2k 1 -k 2 U2Yu3Ui^^U4 + 2k 1 -k4U 1 Yu 2 U4'y^u 3 (18) 
K(u t , C2, C3, U4) = 2iV2k 1 -k 4 u 1 'j-(2'y(k3 + hh'&Ui (19) 

-4i V / 2A; r A;2 (Ui7-C 3 M4 h<2 - «l7"C2«4 &2<3 - Wl7'&3«4C2-C3) 

K(ut, (2, u 3 , C4) = -2iV2 h ■ k A ■ (21 ■ (h + k 4 )-f-( 4 u 3 (20) 

-2iV2k 1 -k2U 1 j-( i j-(k 2 + k 3 )j-( 2 u 3 • 

In translating these results to Dirichlet two-point amplitudes, schematically ones associates 
(some cyclic permutation of) (1, 2, 3, 4) in the open string amplitude with (1^, 2^, 2r, 1r) in 
the closed string amplitude, where here the subscripts L and R denote the left- and right- 
moving components of the closed string states. Having chosen a particular ordering, the 
translation of the NS sector contributions between the open and closed string amplitudes 
remains the same as in eq. (|16D . The interesting feature is the appearance of a factor of D^ v 
in the momenta and polarization tensors of the right-moving contributions. An analogous 
spinor matrix Mab also appears in the right-moving Ramond sector contributions — see 
Appendix ||. The D-brane scattering amplitudes then take a universal form 

K T P TH/2)r(2g 2 ) 
2) = ~ % — lXl-t/2 + 2^ 1 ' 2) (21) 

where as before t is the momentum transfer to the p-brane, and q 2 is the momentum flowing 
parallel to the world-volume of the brane — see Appendix [A[ For later discussions, it is 
useful to divide the kinematic factor as 

K(l, 2) = 2q 2 ai (l, 2) + 1 03(1, 2) (22) 



as was done in eq. (|TT|). Then aj(l, 2) will be essentially the residue of the massless t- 



channel pole, which will become important for the analysis in sect. [4.2| . Now, it simply 



remains to translate the kinematic factors (|T8| ) - (|20|) in the appropriate way. 
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3.1 R-R boson amplitude 

The simplest case is using eqs. ( [T7D and (|T^) to calculate the amplitude describing two R-R 
states scattering from a Dirichlet brane. The latter amplitude would be written as 



A — J d% d% ( Vifa, z x ) V 2 (z 2 , z 2 ) ) 
where the vertex operators are 

Vi(zi, Zi) = (P_ T l(n) ) AB -V^Aipi, Zi ): :VL 1/2B (Pi, • (23) 
The holomorphic components above are given by 

V- 1/2A (pi, Zi) = e-+M' 2 S A (z t ) j»' x M (24) 

and the antiholomorphic components have the same form, but with the left-moving fields 
replaced by their right-moving counterparts. As before we use eq. (|8|) to replace and <fi 
in VI 1/2 b- Similarly, the right-moving spin field is replaced using @ (see also [fL3[| ) 

S A (z) M A B S B (z) (25) 
where M AB is defined in Appendix |B[ With this replacement, only standard correlators 



of the spin fields |L4], ||, [UJ appear in the subsequent calculations. We have explicitly 
included the chiral projection operator P_ = (1 — 7n)/2 in vertex operator (p3|) , so that 
our calculations are always made with the full 32x32 Dirac matrices of ten dimensions. 
We have also defined 

r i( n) = ^i..., n 7 w ---7^ ■ (26) 

With our choice of conventions (see Appendix [B]), we must introduce the factor a n = i for 
the n = 2 and 4 fields in the type Ha theory, while a n — 1 for n — 1, 3 and 5 in the type 
lib theory. In eq. (|26|) , F % is the linearized n-form field strength with 

F U-^ = inPiW e H»-nn] ( 27 ) 
= ipin^in^-ftn ^ cyclic permutations 

where pf = and Pi £iuu 3 -u„ = 0. Hence the appropriate substitutions for the open string 



amplitude (18) to derive the Dirichlet amplitude are 



2k^p^ 2ki^{D- Pi y 

2k%^p 2 l 2k$^(D.p 2 r 

UiA ® U AB -> {P-Y 1 (n)M) A B 

u 2A ® u 3B -> (P_ T 2{m) M) AB . (28) 
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The resulting kinematic factor is: 

Kr- R ,r- R = -g 2 Tr(P_r 1(n) M 7M C- 1 M T r 2 r (m) C 7 M ) 

+^Tr(P_r 1(n) M 7/ J Tr(P_r 2(m) M 7 ^) (29) 

This scattering amplitude was previously calculated in Ref. J7J. In their results, a\ {i.e., the 
first term above) does not quite appear with the same form as here. However, in sect. |4.2] 
with an explicit evaluation of the trace in a±, we will show that our results are identical to 
those of @. 



3.2 NS-NS and R-R amplitude 

The next case is calculating the amplitude describing one R-R and one NS-NS state scat- 
tering from a Dirichlet brane using eqs. ( |T7f ) and ([19|). The appropriate substitutions to 
derive the Dirichlet amplitude are already derived for the previous amplitudes in eqs. ( |16|) 
and fl2|) 

The resulting kinematic factor is then: 

^-i?,vs-ivs = z-^Tr[P_r 1(n) Mr 7 -( Pl + p 2 ) 7 ^](e 2 -r,)^ 



— ?, 



Tr(P_r 1(n) M 7 -L>-4- J D-p 2 ) - Tr(P_r 1(n) M 7 -e 2 -D-p 2 ) 



2^ 



-Tr(P_r 1(n) M 7 -D-p 2 ) Tr(e 2 -D) (30) 



Just as for eq. (|TT1), this result inherits the gauge invariance of the NS states in the open 
string amplitude as the closed string gauge invariance for the NS-NS state. This amplitude 
will be of particular interest in the following section for determining the background R-R 
fields in sect. 01. 



3.3 R-NS fermion amplitude 

We can also calculate the fermionic scattering amplitudes as well. Making the alternative 
match in eq. fll9T) which identifies (4, 1, 2, 3) with (1^, 2l, 2r, 1r) results in a scattering am- 
plitude describing two states in the R-NS sector of the closed string. The latter amplitude 
would be written as 

A ~ / d\ d 2 z 2 ( Vi(zi, zx) V 2 (z 2 , z 2 ) ) 
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where the vertex operators are 

V 1 (z 1 ,z 1 ) = P^ipwD^V-ifiAfaiZ!): :V» 1 {D-p x ,z x ): 
V 2 (z 2 ,z 2 ) = P AB ^BD^:V^ 1/2A (p 2 ,z 2 y. ■VZ{D- Pu z 1 ): 

where Vo and V-i are given eq. ([|), while V-i/ 2 appears in eq. fl2~3|). Here we have already 
replaced the right-moving modes by the appropriate expressions as in eqs. @ and (p5p . 
Again we have explicitly included the chiral projection operator P = (1 — 7n)/2, even 
though the polarization tensors implicitly satisfy P-ipi^ = ipi^. Further the momenta and 
polarizations satisfy 

Pi 2 = {l-Pi)A B IpifMB = Pi^ifiB = . 

The physical spinor states are represented with 

gravitino : ip iflA where {Y)a B ipi^B = 

dilatino : ^a = {i^)a B XiB where {j-Pi)A B XiB = . 
The appropriate substitutions to derive the Dirichlet amplitude are then 

2A£-p£ 2k^(D-p 2 r 

UiA ® C3 M ~> {P-tpl-D)^ 
UlA <S> C2 M -> (P-1p 2 -D)^ A . 

The resulting kinematic factor is then: 

K r ^ ns ,r-ns = i\f2q L {^ 2 -p\^-D-P^x-^'i-P>-lP2-P-^\ 

+i^= (fo ■ D. 1T ( Pl + D- Pl ) (31) 

These amplitudes vanish with the substitution ijj^A ~^ PipXA where (7 • Pi) A B Xb = 0. 
This Ward identity for the gauged supersymmetry in the closed superstring theory is again 
naturally inherited from the vector gauge invariance of the corresponding open superstring 
amplitude. 



3.4 NS-R fermion amplitude 

Identifying the cyclic permutation (2, 3, 4, 1) in eq. (|19|) with (1^, 2l, 2r, 1r) in the Dirichlet 
amplitude results in a scattering amplitude for two spinors in the NS-R sector. In this case, 
the previous discussion motivates the substitutions 

2A#-p? 2A£-(£>.piy 
2A#-p£ 2k% — > (D-p 2 y 

C3 M ® U iA -> (MP± ^ 2 )^A 
C2 M ® Wly4 -> (MP±^i),M 
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where P+(~) is chosen in the type Ila(b) superstring theory.[] The resulting kinematic factor 
is then: 



Kns-r,ns-r = i\ r ><r(crl>iU ' ~ - M I'-. '.'! -c>.\l Ml'. ,>;-c-, 

-^M~ x 1 -p 2 MP^ 2lx ) 

+z^=(^ Af- 1 - 77 .(p 2 + D-p 2 ) T MP ± <fo) (32) 

where M~ l = C~ 1 M T C . This kinematic factor again satisfies the appropriate Ward iden- 
tities as in eq. Q3"T|). Using identities such as (My) = D^ U {^/ V M) (see Appendix [B]), one 



can show the two kinematic factors in eqs. (|31| ) and ([32] ) are in fact identical (up to a sign 
and the chiral projection in the type Ha theory). 

3.5 R-NS and NS-R amplitude 



Finally eq. (|20|) yields the kinematic factor for the scattering two fermions with one each 
in the NS-R and R-NS sectors. With 

2k£^rf 2A£ -> (D-pi)" 

C2 M ® u 3A (MP±«/) 2 )m 

one finds that 

-i^j^iP+-D- 11 .{ p2 + D .p 2 ) 1 .M^ 2 ) . 

Note that the chiral projections of the spinors are consistent i.e., allow for a nonvanishing 
amplitude, because of the form of M given in eq. ( |68| ) and the fact that p is even and odd 
in the type Ha and lib theories, respectively. 



4 Background fields 

In the context of various field theories, many different p-brane solutions have been con- 
structed describing extended objects of different dimensions, (see fl5| as well as fl6| and 



references therein). Typically these solutions involve a (n — l)-form potential coupled to 
gravity and a scalar field, i.e., the dilaton. For a potential of form degree in — 1) in d 



7 Our convention is that the Ramond ground-state in the left-moving sector has negative chirality in 
both theories. For the right-movers, the opposite (same) chirality is chosen in the type Ila(b) theory. 
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spacetime dimensions, one naturally finds two dual classes of p-branes. The first with 
p = n — 2 carries an "electric" charge of the n-form field strength. The dual object with 
p = d — n — 2 carries an analogous "magnetic" charge. 

In the following section, we review some of these p-brane solutions. Then in sect. |4.2| . 
we examine our D-brane scattering amplitudes for massless t-channel poles. These poles 
correspond to the interactions produced by the long range background fields around the 
Dirichlet p-branes. Finally in sect. [4.3| , we make a detailed comparison of the Dp-brane 
fields with those in the field theory solutions. 



4.1 Extremal p-branes 

We begin with an action in d dimensions 



16nG 



N 



J d d x \j —g 



R{9) - |(V0) 2 - ^e-^F? n) 



(33) 



describing a potential A coupled to gravity and a dilaton. The field strength Fr n ) is an n- 
form given by Fi n \ = dA, and 7 = 2/(d — 2) is a convenient normalization factor. The focus 
of our discussion will be solutions describing static, isotropic and extremal p-branes. Here, 
"isotropic" means that the solutions are Lorentz invariant in the directions parallel to the 
world-volume of the p-brane, while "extremal" requires a zero-force condition is satisfied, 
i.e., there is a precise cancellation of the static forces between the p-branes generated by the 
dilaton, form-field and graviton. In the case that the action ( |33"D can be embedded as part 
of a supersymmetric theory, extremality becomes the condition that the p-brane solutions 
themselves are supersymmetric [16[]. It is because one expects both properties to hold for 



the configurations corresponding to D-branes that we restrict the following discussion to 
this class of solutions. 

We begin with an electrically charged p-brane solution with p = n — 2. The metric 
takes the following form: 

ds 2 = H 2a (x) (-dt 2 + dtf) + H 2f3 (x) dx 2 . (34) 

Here the time, t, and the p = n — 2 spatial coordinates, y a , run parallel to the surface of 
the brane, while the orthogonal subspace is covered by the p = d — n + 1 coordinates, x l . 
The (n — l)-form potential and the dilaton may be written as 

A = ±V2^H(x)- 1 e v and = H(x) T (35) 

where e v = dt dy 1 ■ ■ ■ dy p is the volume form in the subspace parallel to the p-brane world- 
volume - see Appendix 0. For later discussion, it is also convenient to present the field 
strength F( n ). Given the potential in eq. (|3q), the latter is given by 

F (n) = TV2a H- 2 djH dx j A e v . 
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With an appropriate choice of exponents, namely, 



p-2 a P+ 1 

(p+i)(p-2)+aa P ( p+1 )(p_ 2 ) + a2 

° = (p+l) d (P-2)+a* T = ha ( 36 ) 

one finds that H should satisfy the flat-space Laplace's equation in the transverse space, 
i.e., S^didjH = 0. Extremal p-branes are constructed by introducing 5-function sources in 
the latter equation. For a single p-brane solution as will be of interest in the following, we 
choose H = 1 + iiG{\x\/l) with 

f jhWWir 2 forp>3 
G=l -log(\x\/£) forp = 2 (37) 

[ — \x\/£ for p = 1 

Here £ is an arbitrary length and /i is some dimensionless constant. We will consider the 
latter constant to be small, i.e., fi << 1, so that we may treat the nontrivial part of 
the solutions as a perturbation of flat empty space. Certainly this is valid in the region 
\x\ >> £ for p > 3, but only a formal expansion for p = 2 and 1. Note that these solutions 
may be extended to an instanton with p = — 1 by using a euclidean metric without t or y a , 
and having A be a 0-form or scalar [|T7| , . 

One can also construct a magnetically charged p-brane solution with p = d—n — 2. With 
this choice of p and hence p = n + 1, the metric remains as given in eq. (0). The dilaton 
takes the same form as in eq. (|35|). but with the opposite sign, i.e., e +< ^ = H(x) T . Finally 
the form field is magnetic with nonvanishing components in the transverse subspace. The 
latter is conveniently expressed in terms of the field strength as 

#(„) = TV2adjHi £j e n 

where denotes the interior product with a unit vector pointing in the direction. Also 
e n = dx 1 ■ ■ ■ dx* 5 is the volume form in the subspace orthogonal to the p-brane. With these 
choices, the numerical factors flHED are left unchanged when written in terms of p, p and d. 

The important feature of these solutions for the purposes of comparison with the string 
scattering amplitudes will be the behavior of fields in the asymptotic region, i.e., \x\ — > oo. 
Expanding with fi << 1, the asymptotic metric is essentially flat with 

hfiu = g^u - r}^ (38) 
~ 2fM G(\x\/£) diag(— a, a, . . . , a, (3, . . . , /3) . 

For the "electric" p-brane with p = n — 2, one has 

~ — a a \x G(\x\/£) 
F (n) ~ tV2^ fidjG(\x\/£)dx j Ae v . (39) 
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Similarly for the "magnetic" p-brane with p = d — n — 2, one finds 



'(n) 



+da fj,G(\x\/£) 
TV2afid j G(\x\/£)i &3 e n . 



(40) 



Given these results, it is straightforward to derive some of the physical quantities which 
characterize these solutions. The ADM mass per unit p- volume is defined as ||18|| : 



1 



16nG 



p 



N " i=l 



Y{djh i:j - dihjj) - d iha 
i=i 



0=1 



r^dfl 



where n l is a radial unit vector in the transverse subspace, and G^ is the Newton's constant 
appearing in the action (p3|). Given eqs. (pop, ( |37D and (0), one finds 



a 



8ttG 



(41) 



N 



where Ap^i = 2ir p /T(p/2) is the area of a unit (p — l)-sphere. The electric form charge is 
given by |R1 



Qi 



l 



167TG 



(») 



iV 



±( 



\PV 



a 



Similarly the magnetic form charge is give by 

Qm 



(42) 



16nG N 



>) 



a 



8ttG n 



-Ap-ip,' 



(43) 



4.2 Massless ^-channel poles 

Recall that in the scattering amplitudes, the momentum transfer to the D-brane is t — 
— (pi + P2} 2 - Given the general form of the string amplitudes in eqs. (pT]-p2]), one can 
expand these amplitudes as an infinite sum of terms reflecting the infinite tower of closed 
string states that couple to the D-brane in the t-channel {i.e., terms with poles at a't — 
a' m 2 = An with n = 0,1,2,...). For low momentum transfer, i.e., a't << 1, the first 
term representing the exchange of massless string states dominates. In this case, eqs. (21 
- ^) reduce to 

A~inT p j- . (44) 
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Figure 1: Feynman diagram for graviton-dilaton scattering from a D-brane 



One can reproduce these long-range interactions with a calculation in the low energy ef- 
fective field theory in which Dp-brane source terms are added to the field theory action. 
Alternatively, one can think of these amplitudes as representing the interaction of the ex- 
ternal string states with the long range background fields generated by the Dp-brane (see 



e.g., |]19|). Since ultimately we are interested in determining these background fields, we 
will make use of both interpretations of these amplitudes ((44]). 

The NS-NS sector is common to both type II superstring theories, and so the same 
low energy effective action describes the graviton, dilaton and Kalb-Ramond fields in both 
theories. The latter may be written as 



INS-NS 



d 10 x 



(45) 



where H = ^(d a B^ u + d u B afl + d^B ua ). Given this low energy effective action, one can 
calculate the different propagators, interactions, and subsequently scattering amplitudes 
for these three massless NS-NS particles. In doing so, one defines the graviton field by 
9tiu = T)fj, u + 2k hfjtu. One can verify that this action (]45D correctly describes the three-point 
scattering of NS-NS states on the sphere. 

To consider the scattering of these particles from a Dp-brane, we would supplement the 
low energy action with source terms for the brane as follows: 

I source = J [S% + <j> + . (46) 



We did not make the effort here to extend these source terms in a covariant manner ]20], 
since this will be irrelevant for our leading order calculations. Also note that at least to 
leading order, Sb, and Sh above will be 5-function sources which are only nonvanishing 
at x % = using the coordinates of the previous section. We begin by determining the dilaton 
source S^. To this end, we consider a scattering process in which an external dilaton is 
converted to a graviton. The Feynman diagram corresponding to this process appears in 
figure (1). Examining the low energy action (f|5|), one finds that the only relevant three- 
point interaction is one graviton coupling to two dilatons through the dilaton kinetic term. 
Thus in figure (1), the only particle appearing in the t-channel is the dilaton, and hence 
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Figure 2: Feynman diagrams for scattering of two (NS-NS or R-R) antisymmetric tensor 
states from a D-brane 



this amplitude will uniquely determine S^. The field theory amplitude may be written 

A U = iS+ik) G^k 2 ) V hH (e l} p l} p 2 ) 

where S^ik) is the Fourier transform of the dilaton source, G^ik 2 ) = —i/k 2 is the dilaton's 
Feynman propagator, and 

V h <p<(, = -i2Kp 2 -e r k 

is the vertex factor for the graviton-dilaton-dilaton interaction. Here, E\ is the graviton 
polarization tensor, and k^ = — (pi + P2Y is the t-channel momentum. (We have not 
included in A'^ a 5-function which imposes momentum conservation in the directions 
parallel to the Dp-brane.) The analogous string amplitude is constructed from eq. (|IID 
by inserting the appropriate external polarization tensors from eq. (f|). Comparing A' h ^ 
with the massless t-channel pole in Af^,, one finds agreement by setting 

SAk) = (2 + Tr(D)) = -^=(p - 3) (47) 

where we used that Tr(D) = 2p — 8. Note that the source is a constant independent of k 
in agreement with the expectation that the position space source in eq. ( fi6)) is a 5-function 
in the transverse directions. 

The graviton source Sh can be determined from either h-h or B-B scattering from the 
Dirichlet brane. In the first, massless t-channel exchange is mediated by only a gravi- 
ton, while in the second, both a graviton and dilaton propagate in the t-channel. We 
will consider the scattering of antisymmetric tensors here because the relevant three-point 
interactions are much simpler. The Feynman diagrams for B-B scattering are shown in 
figure (2). The corresponding amplitude is 

A' BB = iS» v (k) (G h )^ >Xp (k 2 ) (V hB B) xp + iS^k) G^k 2 ) % BB (48) 

where the graviton propagator (in Feynman-like gauge — see e.g., pUfl ) and the three-point 
interactions are given by 
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(V hBB ) Xp = - i 2K^(p 1 -p 2 r ] xp -p x 1 p p -p p p x )Tr(e 1 -e 2 ) 

-p\-s 2 -s\-p 2 r\ Xp + 2p[ x e 2 p) -ei-p 2 + 2p 2 (x ei p) -e 2 -pi 

+2p r e 2 (x e l p) -p 2 - p vP2 (e x -e p + e x -e p )^j 

%bb = -i\ r 2K(2pi-e 2 -e 1 -p 2 -pvp 2 Tr(ei-e 2 )) 

where our notation is such that Tr(ei-e 2 ) = £i pu e 2l/ ^, p\-e\ = pu£ 2 x and p E\ p -p 2 = e p& p 2 $. 
Now again we must compare this result with the massless t-channel pole in the string 
amplitude (|TT| ) with an appropriate choice of polarization tensors. Unravelling S^ u from 



eq. (f48|) is simplified by noting that the only symmetric two-tensor available is 

S£ u (k 2 ) = a{k 2 ) V pv + b{k 2 ) N pu + c{k 2 )k p k v (49) 

given the symmetries of the scattering process. Here, V (N) is the metric in the subspace 
parallel (orthogonal) to the world-volume of the Dp-brane — see Appendix [A]. Now com- 
paring A' BB with the massless t-channel pole in the string amplitude Abb fixes a, b and c 
to be constants with b = c = leaving 

S pu = -T p V pu (50) 

This source is essentially the (Fourier transform of) the Dp-brane's stress energy tensor, 
[i.e., S 1 ^ = kT^). Hence we see that T p is essentially the D-brane tension, and that as 
expected there is only stress energy in the world-volume directions. As a cross check, we 
have calculated Sjjf from graviton-graviton scattering, and found the same result. One can 
also calculate dilaton-dilaton scattering in which the t-channel interaction is mediated by a 
graviton, the result is consistent with the result in eq. (0). However, this amplitude alone 
does not have enough structure to completely fix all of the unknown functions appearing 
in eq. (|^). In fact, it is important in the previous calculations that we had the fully 
covariant string amplitudes without any restrictions on the polarization tensors in order 
completely fix the graviton source. Finally we note that a more careful examination of the 
case p = 8 shows that the pole is cancelled by momentum factors in the vertices for all of 
the amplitudes - see Appendix |A.1|. Hence our present analysis does not determine the 



sources for the eight-branes. 

To determine the antisymmetric tensor source, we considered B-<p and B-h scattering. 
In these cases though, the string scattering amplitude ([LI]) is easily shown to vanish and 
so one concludes that the linear source term for B pv in eq. (|46| ) precisely vanishes. 



S% = (51) 

One can also verify these results for the sources of the dilaton and graviton fields, 
eqs. (f47|) and (|50| ) , by considering the scattering of the Ramond-Ramond tensor fields from 
the Dp-branes. The relevant terms in the low energy effective action are 

1 = Jd^V=9 E Wwe (5 - n) ^) • (52) 
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For the type Ha superstring, the sum runs over n = 1, 3 and 5, while for the type lib 
theory, the sum includes n = 2 and 4. An added complication is that F( 5 ) should be a self- 
dual field strength for which no covariant action exists. The above non-self-dual action will 
yield the correct type lib equations of motion when the self-duality constraint is imposed 
by hand [[23|] - i.e., one makes the substitution — > Fr 5 \ + *Fr 5 y One can verify that 
this action ( f5"2"D reproduces the three-point string amplitudes on the sphere for two R-R 
fields scattering with a graviton or dilaton. For a complete description of all of the NS 2 - 
R 2 -R 2 amplitudes, one would have to include various Chern-Simon interactions between 
B pv and the R-R fields, but we will not be interested in these since the Kalb-Ramond 
source vanishes, eq. (|5l|). 

The Feynman diagrams corresponding to the two-point scattering of R-R fields from 
the Dp-branes are in figure (2). The scattering amplitude is 

A' FF = iS£ v (G h )^ Xp (k 2 ) {V hFF ) x P + iS* G^k 2 ) % FF 

where 

~ 16 

( V hFF ) Xp = iK—[2n (Fi(n)) ( \ 2 , 3 -,„ (F2 { n)) p)u2U3 - Un ~ r] Xp F 1(n yF 2(n) 
% ( „)F(„) = -iK—r-(5-n)F 1{n yF 2{n) 

where we have left the external momenta and polarization tensors in the covariant form of 
a linearized field strength as in eq. (0). Substituting in our previous results for and 
S£ v in eqs. (|47l) and (|50D , A' FF reduces to 

A' FF = ikT p -^ 2 (Tr(D)F 1{ny F 2{n) - In D x p (Fi)\ u , 2U3 ... Un (F 2 )™-«) . (53) 



n 



To demonstrate that this result agrees with the string amplitude, we focus on the a\ 
contribution in the kinematic factor (|29|) 

ai = -iTr(P_r 1(n) M 7 ^- 1 M r r5 m) C 7 ^) 

= - l -Tr (p_r 1(n) ^ r 2(m) Y) d pv (-i)I-(-+d 



i 3mn 

n\ 



r Vi{D)F 1 ( n yF 2 (n) — 2nD x K Fi\ U2U3 ... Un F 2 



where we have applied various spinor matrix identities from Appendix 0. Combining this 
result with eq. (|4*1|), we find that the result coincides precisely with eq. ([5*3]). As an aside, we 
also note that this explicit evaluation of a x reproduces the result of Ref . . The agreement 
between the field theory and string scattering of R-R particles was also found in the latter 
reference. 

From the dilaton and graviton sources, it is a simple matter to calculate (the Fourier 
transform of) the corresponding long range fields around the Dp-branes. These fields 
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Figure 3: Feynman diagram for graviton-R-R tensor scattering from a D-brane 



are precisely the product of the source and the Feynman propagator in the transverse 
momentum space. Hence the long range dilaton field is 



lm\ -o r, ni\ T p 2 + Tr(D) 
(P(k 2 ) = iS^G^k 2 ) = 

T p p- 3 



(54) 



2^2 k 2 ' 

Similarly the long range gravitational field becomes 

V(fc 2 ) = iS x h p (G h ) 

= -^((7-p)Vp U -(p + l)Np U ) (55) 

Of course given eq. fl5"T|), the long range antisymmetric tensor field vanishes. 

We would also like to determine the long range Ramond-Ramond fields around the 
Dp-brane. In this case, introducing a local source for a "magnetic" charge is a slight 
complication, which we avoid by working directly with the background fields. In this 
case, one expands the action ([52]) around a background field strength (which satisfies the 
equations of motion). The relevant amplitudes arise from three-point amplitudes involving 
one background field and two external particles. Essentially as in eqs. (|54"|) and ([55]), one 
is replacing the source and propagator in the previous calculations by the background field 
in the amplitude. Here we consider a scattering process in which a graviton converts to 
a R-R tensor field. The Feynman diagram is shown in figure (3), and the corresponding 
scattering amplitude is 

32 

A' hF = i Kn — e? (F 1(n) )/— (F W W-« 

71/. 

where 62, Fiin) an d F(n) are the graviton polarization, the external R-R particle's (lin- 
earized) field strength, and the background R-R field strength, respectively. Note that 
the interaction requires that the form degree n is the same for both the external and the 
background R-R fields. The massless t-channel pole for the string scattering amplitude 
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Ahp comes from a\ in eq. (|3"0"|) which yields 



° 1 ~ ±, 'n-l)! ea ( ^ 1(n))A I ^(6«)^,..,„ forp-s - 



— n 



where the ± sign is the same as that appearing in choice made for M from eq. (|68|). 
Comparing the string amplitude AhF with A' hF , one obtains 

P = T? - T p y / ( e " W^-i] for p = n - 2 

^•"^ + 2v^fc 2 I ^"W-n forp = 8-n . 

Anticipating that the first line corresponds to an "electric" field, we see Dp-branes with 
p = —1, 0, 1, 2, and 3 have "electric" fields with n — 1, 2, 3, 4 and 5, respectively. While 
the second line above shows that Dp-branes with p = 3, 4, 5, 6 and 7 have "magnetic" 
fields with n = 5, 4, 3, 2 and 1, respectively. As expected the D3-brane simultaneously 
carries electric and magnetic fields from the self-dual five-form. 



4.3 Comparison of fields 



To make a precise comparison of the results in the previous two sections, we must first take 
into account that the low energy string actions, Q4"5|) and (52), have a different normalization 
from that used to derive the p-brane solutions, eq. fl3~3"|). Hence we make use the following 
field redefinitions for the fields appearing in section |4.1| 



(56) 





— 2k h 




= V2~K(f)' 




EE 4V2KF' (n 


= a' 


and 8tiGn = 



k 2 , as well as setting d — 10. With 



these choices the p-brane action (|33|) becomes 



d 10 xJ-g> 



where g' = r/^ + 2k h'^ u . Finally this action my be identified with the relevant part of 
the effective superstring action by setting a' — (n — 5)/2. 

To compare the low energy p-brane solutions to the long-range Dp-brane fields, we 



make a Fourier transform of the asymptotic fields of sect. [Q[ The essential transform is 
that for G(\x\/£) in eq. (]3~7D which is the Green's function in the transverse space. 



G(k 2 



A 



p—i 



5-2 



k 2 



(57) 



where k is a wave-vector in the subspace orthogonal to the p-brane, and as before Ap-\ 
is the area of a unit (p — l)-sphere. The Green's function (E7\) has the same form as the 
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Feynman propagators appearing in the field theory calculations with k 2 = k 2 — recall 
that the t-channel momentum vector is a spatial vector in the transverse subspace (see 
Appendix |A|). 

Now in terms of the primed fields introduced in eq. fl56|), the Fourier transform of the 
asymptotic fields (p8 H39|) of the p-brane solutions with "electric" charge are 

~ ~ ^Ezltl — i-diag(-a, a, ...,«,/?,.../?) 
~, aaA,-^- 2 1 

<p — = — 

2V2k k 2 

[n) Ak k 2 

In this case with d = 10, p = 9 — p and p = n — 2 < 3, the constants ([36]) reduce to 
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a = \ a = n — 5 = p — 3. (58) 

Hence we have complete agreement between the long-range Dp-brane fields and those 
above if nT p = A%- p \xP~ v '/2. Further applying the mass formula flUf ), we find the mass 
per unit p- volume is given by M p = T p j k, while the electric charge per unit p- volume ( f42|) 
is Q p = ±\/2T p . 

For the magnetically charged p-branes, the metric is unchanged while the Fourier trans- 
form of eq. (flUD yields 

T , aaAp-iu£ p ~ 2 1 

^ +■ 



2y/2K k 2 



Again with d = 10, p = 9 — p and now p = 8 — n > 3, one finds the same expressions for 
the constants a, ft and cr as in (|58|), while 

a = n — 5 = 3— p 

has the opposite sign. Again with kT p = As- P ^ 7 ~ p /2, one finds precise agreement between 
the fields of the Dp-branes and extremal p-brane solutions. The magnetic charge per unit 
p- volume ( P^D is Q p = ±a/2T p . 

5 Discussion 

In this paper, we have presented detailed calculations of all two-point amplitudes describing 
massless closed type II superstrings scattering from a Dirichlet p-brane in ten dimensions. 
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Using these results we derived the long range fields around Dp-branes for < p < 7, and 
found that they correspond to those of the low energy solutions describing a supersymmetric 
p-brane carrying a R-R charge. 

One of the most interesting aspects of this work was the observation that these closed 
string two-point amplitudes describing scattering from a Dp-brane are simply related to 
four-point amplitudes for type I open superstrings. This relation allowed the D-brane 
amplitudes to be easily determined using the previously calculated open string amplitudes. 
This result is similar to the work of Kawai, Lewellen and Tye [|12| , who were able to 
express tree-level closed string amplitudes as products of pairs of open string amplitudes 
along with certain "sewing" factors. This structure arises because of the independence 
of the correlation functions for the left- and right-moving sectors. The present situation 
is similar except that the D-brane boundary naturally "sews" the right- and left-movers 
together in a single open string amplitude. In Ref. |TI|, the results for tree-level string 
scattering are extended to amplitudes with an arbitrary number of closed string states. It 
would be interesting to find a similar extension relating a D-brane scattering amplitude for 
N closed strings to a Type I amplitude for 2N open strings. 

Our normalizations are chosen such that T p coincides precisely with the string tension 
in a standard analysis, e.g., ||. The physical tension is precisely the mass per unit p- 
volume t p = T p / n = M p . For a fundamental Dp-brane then, T p = y/ii / '(2%\/ r a') p ~ 3 . Higher 
multiples of this fundamental value of T p would arise for Dp-branes which are superpositions 
or bound states of fundamental branes. Similarly our charges correspond precisely to those 
given in the standard analysis 0, |5|, i.e., fi p = Q p with Q 2 = 2T 2 . The sign of the charges 
is undetermined. It is fixed in the conformal field theory calculations by making a choice of 
sign for the matrix M appearing in the spin operators — see Appendix [FJ. It is remarkable 
that the conformal field theory allows just enough ambiguity in M to accommodate both 
branes and anti-branes. 

This matrix also plays an important role in the spacetime supersymmetry of the D- 
brane amplitudes, as follows. On a closed type II superstring world sheet, one can construct 
two independent spacetime supersymmetry currents |T4] , |9| 

Ql = 4 e~ Hz)/2 S A (z) and Q R = e A R e~^ 2 S A (z) 

with independent actions on the left- and right-moving modes on the world sheet. Hence 
€l and €r are independent Majorana-Weyl spacetime supersymmetry parameters in the 
Type II theory. In the Type I open superstring theory, the left- and right-movers are tied 
together by the world sheet boundaries, and hence there is a single SUSY current to act 
on the open string states. Given the relation of open string and D-brane scattering ampli- 
tudes, the latter would inherit this single spacetime supersymmetry of the open superstring 
amplitudes. Hence there will be a single SUSY current which acts consistently on both 
the left- and right-moving components of the closed string vertex operators. If we extend 
the spin fields in the SUSY currents to the entire complex plane using eq. ( f25|) then the 
right-moving current becomes 

Q R = e B R M B A e-^ 2 S A (z) . 
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In order to construct the single consistent current then we must set 

A _ b M A 

e L - e R M B ■ 

This then is a conformal field theory approach to understanding that the D-branes preserve 
precisely one half of the spacetime supersymmetries of the Type II theory [[J. 

The long range fields around the Dp-branes were determined in sect. |] by considering 
the massless t-channel poles in the string scattering amplitudes. As well as these poles, the 
string amplitudes contain an infinite number of massive poles as well. Using a standard 
expansion of the Euler beta function (see e.g., [J24|), one finds that eq. Q2TJ) may be written 
as 

, rp ( ^1 a 2 + 2q 2 ai (2q 2 -l)(a 2 + 2q 2 a 1 ) \ 

a= - ikT ^-^^t + — w^i — (59) 

where k 2 = —t. Each of the higher t-channel poles represents a massive closed string state 
coupling to the Dp-brane. From this point of view, the Dp-brane provides a ^-function 
source for each of these massive states, just as it does for the massless states. The same set 
of 5-functions in the transverse coordinates appears in the construction of a boundary state 
description of a D-brane (see e.g., ||25|| ). This would then lend itself to an interpretation of 
D-branes as objects of zero thickness. However, since as seen above a D-brane is not only 
a source of the massless fields but also massive fields with m 2 = An/a' , the conventional 
(low energy) spacetime picture will breakdown at distances of the order of \/a' '. It is within 
this range that the full closed string spectrum makes its presence felt. Hence from this 
perspective, one would ascribe a thickness of the order of y/a 1 to D-branes. 

Of course, the preceding discussion ignores the stringy nature of the amplitudes and in 
particular their s-t channel duality. As emphasized by ||, the amplitudes can be reorga- 
nized as a series of s-channel (or q 2 ) poles 




A = -!l±Pl fl2 ai + k 2 a 2 /2 (1 - k 2 /2)(a 1 + k 2 a 2 /2) , 

' 1 2q 2 2q 2 + l 2q 2 + 2 ~ 1 1 ' 

In this case, the poles coincide with open string states moving along the D-brane. These 
in turn correspond to excitations of internal modes or deformations of the D-brane. Hence 
this point of view naturally displays a smearing of the D-brane again on the order of y/cV 

An exception to the above form of the amplitudes is the special case of p = — 1. 
The D(-l)-brane corresponds to a Euclidean instanton which then has no world volume 
and hence there is no momentum flow parallel to the world volume — i.e., q^ = 0. As 
noted in 0], the amplitudes can then not take the form in eq. ( |60D and further without 
s-t channel duality one would expect that the infinite series in the t-channel expression 
(|59l) is also truncated. Explicitly calculating the amplitudes considered in the present 
investigation (i.e., for massless external states) shows that in fact only the massless t- 
channel pole survives. This was already observed in Ref. H in the scattering amplitude 
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for two antisymmetric tensors 



A BB = inT p I Tr{e r £ 2 ) J ■ (61) 

(Also the graviton-graviton amplitude vanishes completely |§.) A similar result holds for 
graviton-dilaton scattering and graviton-R-R tensor scattering 

A h<t> = -i2V2k T p 

A hF = -8V2kT p ^ (F2)a ^ . (62) 

These amplitudes were determined by substituting D^ v = —rj^ into our general results 
and taking the limit that g 2 — f 0. Recalculating these amplitudes directly from conformal 
field theory reproduces the same answers. Given that these three massless poles are the 
same as in our general formulae, the analysis of sect. |] applies to D(-l)-branes as well. 



Hence their long range fields are those of the low energy solutions discussed in Ref. |17] 
(see also 0). 

While no massive poles in these particular amplitudes ( |6l| - |62|) , one should not conclude 



that no massive string states couple to the D(-l)-branes. We expect that such poles and 
couplings would make their appearance in scattering amplitudes involving massive external 
strings. This should be evident given the complex form of the boundary state describing 



a D(-l)-brane [pqj . Hence even for these instantons, one would ascribe a thickness of the 
order of \fa! . 

Our analysis of the long range fields is not valid in the case of domain walls (for 
which p = 8) - see Appendix |A.1| . Naively the amplitudes for two NS-NS or two R-R 
states appear to give the expected long range gravitational and dilaton fields. However, 
a closer inspection of these amplitudes shows that because of the unusual kinematics of 
this configuration, there is no pole at t — 0. This result is in fact in agreement with the 
analogous field theory calculations. In order to overcome this difficulty, one would have to 
begin by extending the source action ( pUf ) to include nonlinear terms. These interactions are 
required to understand the two-particle contact terms that arise in the string amplitudes. 
It should be possible to extract the necessary terms from the covariant Born-Infeld actions 
constructed as the effective D-brane actions [2C, 21]. Another necessary ingredient here 
would be a better understanding of the vertex operator description of the n = 10 R-R field 
strength whose charge is carried by the D8-branes. 
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A Kinematics of Two-Point Amplitudes 



In the calculation of Dirichlet p-brane scattering amplitudes, it is convenient to introduce 
two sets of frame fields: v a M with a = 0, . . . ,p, and n a ^ with a — p + 1, ... ,9. So the 
v a are unit vectors tangent to the p-brane's world-volume while the n a are orthogonal the 
world- volume. The vector (Greek) indices are raised and lowered as usual with the metric 
r]^ = diag(—l, +1, . . . , +1), and similarly the frame (Latin) indices are raised and lowered 
with 1]^. Then one has 

n a -n b = rj ab v a -v b = r] ab n a -v b = 0. 

Recall that it is the coordinate fields running orthogonal to the Dp-brane and hence parallel 
to the n a M , which satisfy the Dirichlet boundary conditions. 

Given this separation of the frame fields, one can construct two useful projection oper- 
ators, namely, 

= n a ^n aL , and = v a ^v^ 

where N projects vectors into the transverse subspace or the subspace orthogonal to the Dp- 
brane, and V projects vectors into the subspace parallel to the Dp-brane. Hence N fl x N\ u = 
N^v, V\ v = V^ u and N M V\ v = 0. Completeness of the basis of frames also yields 

r)ii V = V^ u + . 

The matrix appearing in the correlation functions for coordinate fields @ and world-sheet 
spinors (0) is given by 

D„ v = - . (63) 

Combining the above expressions, one also has D^ v = r/^ — 2N fll/ = 2V^ U — r]^ u . Also note 
that D^Dxu = Vtiu- 

These frames are also useful in defining certain volume forms. In the subspace parallel 
to the brane's world- volume, one has a (p + l)-form 

(e v ) n = (p + iy.v° { , ...v% p] , 

while in the normal subspace one can define the (9 — p)-form 

(6"U +1 ..., 9 = (9-p)!^ +1 K+1 ...n 9 H . 

The antisymmetrization of the indices above is normalized such that both e v and e n take 
values ±1 and 0. These two forms are related by the identities 

( f v \ — \ f ( f n\Hv+vM 

V c J Ho—Hp _ \j c w-M P Atp+i--M9 l c ) 



ffM\ \ / v\H0-Hv (- 

1 '/';■ i i ■■■/'■' "~ fp+1)! /'"'"/';'/',. J'"/'!' 
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where e is the regular volume form in the full ten-dimensional Minkowski space. As forms, 
one also has e = (e v ) A (e n ). 

To describe the kinematics of the string scattering amplitudes in a D-brane background, 
we divide the momentum vectors into their parallel and transverse components, i.e., p^ = 
(N-p)^ + (V-p) M . Now one has only momentum conservation in the parallel subspace, i.e., 
J2i(y 'ViY — 0, so for the two point amplitudes considered in the paper, we may define 

(v- Pl y = <f = -{v-p 2 y . 

Further since we are considering massless external states, one finds 

{N'Pif = -q 2 = (N-p 2 ) 2 . (64) 

So g M , the momentum flowing through the scattering amplitude parallel to the p-brane, 
must be time-like since by definition (iV-p) M is space-like. 

As well as pi and p 2 , -D-pi and D-p 2 appear as momenta appear in the vertex operators 
in sects. ^| and ||. Some useful identities satisfied by these vectors are 

(pi + D-p x + p 2 + D-p 2 y = 
Pi-D-D-pi = p\ = 
p 2 -D-D-p 2 = pj = 
Pi-D-pi = p 2 -D-p 2 = 2q 2 
Pi-D-D-p 2 = pi-p 2 = -t/2 
p v D-p 2 = -2q 2 + t/2 

where t = — (p± + p 2 ) 2 is the momentum transfer to the Dp-brane. 
A.l Domain Wall Kinematics 

The kinematics of our two-point amplitudes is special for the case of p = 8. In this case, 
the p-brane forms a domain wall dividing the ten-dimensional spacetime into two halves. 
The transverse space is only one-dimensional running along x 9 , and so it is only the ninth 
component of the momentum vectors which is not conserved. Hence eq. (|64] ) becomes 

{p\? = = {Pi? ■ 

Since there is a single component of momentum appearing here, one has either p\ = —p\ or 
Pi = P2- m the first case, there is no momentum transfer to the brane, i.e., the momentum 
is precisely conserved, and hence there is no string scattering. We will not consider this 
case further. In second case, one has 

t = -(Pi +P 2 ) 2 = -(p? +Pl? = -4(p?) 2 = 4g 2 , 
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and hence the momentum transfer is directly proportional to the momentum flowing par- 
allel to the brane. This result allows one to rewrite the universal form of the amplitudes 
(0) as 



41,2) = -^ r( - 2 ™ if(i.2) 

= illl K(l, 2) 

4q 2 sin(27rg 2 ) ' 

This expression combines all of the poles in the single sine function factor. One must 
remember though that the poles for q 2 < are associated with the s-channel, while those 
with q 2 > are t-channel poles. Naively there is a problem at q 2 = where one might 
expect a pole in both channels. In fact, the apparent double pole can be seen to be reduced 
to a simple pole by the fact that all of the terms in any of the kinematic factors K always 
contain factors of q 2 or t = 4g 2 . However, a closer examination shows that in fact there is 
no pole at all. For example consider the factors appearing in K ns _ ns ,ns-ns in ec L s - (HH) 
and (|I3D. It is straightforward to show that all of the nonvanishing inner products of 
momenta with polarization tensors also yield factors of p\, e.g., 

£i»vVl = e^ u V vp p 2p + e lpu N vp p 2p 

= si^V up p lp + e 1 ^N up p lp 

= si^p v l +2e lpv N vp p lp 

= 2e lpv N up p lp = 2e lp9 p\ , 

where N up p\ p = Sgp\. Similarly many of the terms also vanish through identities such as 
S\-D-p 2 = 0. In any event, all of the remaining terms carry a factor of (pf) 2 = —q 2 which 
cancels even the remaining pole. 

The absence of a massless t-channel pole is the reason that we make no detailed com- 
parison of the string and field theory scattering for eight-branes in sect. (|. This unusual 
kinematics applies equally well for the field theory calculations as the string amplitudes. 
In both cases then, these t-channel terms make contributions equivalent to two-particle 
contact terms on the Dp-brane. In the string amplitude, one also expects to find such 
contributions from explicit contact interactions and also from the remnants of the massless 
s-channel pole. In fact there are a large number of cancellations amongst these terms in 
the string amplitudes. For example, the NS 2 -NS 2 amplitude in eq. (ITT]) reduces to 



A = i ^ Tr{e v D-e 2 -D) + 0(q 2 ) (65) 

for small q 2 . The appearance of two D pv in this term suggests that its origin is in an 
explicit contact interaction as illustrated in figure (4). In the field theory, one expects 
that the covariant extension of the source actions |20| , ^ would also naturally introduce 
multiparticle contact terms to our source actions (|46[). Hence our present field theory 
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Figure 4: Feynman diagram for a two-graviton contact interaction on a D-brane 



calculations can not be expected to account for a term such as that in eq. QBSp. Introducing 
a fully covariant source action would be one step towards overcoming these obstructions 
to determining the eightbrane background fields, but one would still have to unravel the 
s-channel contributions in the string amplitude. 

B Spinors and Dirac Matrices 

We have adapted our spinor conventions within conformal field theory from Refs. ||, |10[ . 
We distinguish spinor and adjoint spinor indices as (upper case Latin) subscripts and 
superscripts, respectively 0. The charge conjugation matrix acts as a metric for raising 
or lowering the spinor indices, e.g., 

u A = C AB u B u A = C A 1 B u B . (66) 

Of course, we also have C AB C BC = 8%- Following ||, we adopt the convention that 
C AB = —C BA . The spinors appearing in the open string amplitudes (|T7| - |20|) are Majorana, 
and hence in our notation, u A = u B C ba = —u A . 

For our Dirac matrix conventions, we begin with the anticommutator 

{ 7 M T "} = - 2? r ■ 

Unless otherwise indicated, implicitly in the above expression and the various products of 
sect. D, we understand that the indices on the Dirac matrices appear as {^)a B ■ Using 
eq. (]S6D, we write 

Wab = C B l c (Y)a C (Y) AB = C AC Wc B ■ 

Then we chose a representation of the Dirac matrices in which 

(Y)ab = Wba ■ 
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In our notation, we write the transpose matrices as 

ill) B A = {l,)A B 

and with the above conventions, we have 

C AC (l,)c D CBl = -{ll) A B or {^) A B = -C' AC tfifn C DB . 

It is also useful to note the general result that R AB S bc = —R A B S b ° where R and S are 
arbitrary products of 7-matrices. 
We also have 

7ii = T ^W"M 9 7 /i0 ---7 M9 =7°7 1 ---7 9 

which satisfies 

(711) 2 = 1 , (711) ab = (th)ba , 7n T = -C711 C' 1 . 

With 7n one constructs the chiral projection operators, P± = |(1 ± 711). Two useful 
identities are 

(P ± ) AB = -{P T ) BA P ± T = cp t c- 1 . 

In constructing the R-R vertex operators, one also encounters the matrices rV n ) which are 
defined in eq. ( p6|) as 

F, N = —F ry^...ry^ 

n\ fll '" fJ-n 

These can be shown to satisfy 

(r {n) ) A B = -(-i)^ +1) (r w W r (n) T = {-ip^cv^c- 1 . 

Given the above, one can show that P_ = if the corresponding field strength is 
antiselfdual, i.e., = — *F(5), while P_ T( 5 ) = T( 5 ) for a selfdual field strength, i.e., 
F {5) = *F (5) . 

Finally, we would like to fix the matrix M required in eq. ( P5| ) 

S A (z) ^ M A B S B {z) (67) 

to extend the spin fields to the entire complex plane. We begin by considering the the 
following operator products pi 



r(z)S A (w) ~ {z-w)-^(^) A B S B (w) + ... 
r(z)S A {w) ~ (z-w)-^(^) A B S B (w) + ... 

Making the replacement in eq. ( 6"7|) as well as ip^ — > D^ u ip v in the second OPE, consistency 
with the first OPE requires that 

{Y)a B = D^(M~ 1 YM) a b . 
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Alternatively, this identity may be written as (M 7 M ) = D^ v (7" M) . In other words, 
M (anti) commutes the 7^ when /1 corresponds to a direction orthogonal (parallel) to the 
Dp-brane world-volume. Hence one concludes 



M 



a jO . . . ryP for p + 1 odd 

b 7 • • • 7 P 711 for p + 1 even 



where a and b are undetermined phase factors. Note that in the scattering amplitudes the 
factor of 711 for p + 1 even simply provides an extra sign in the amplitudes, and so this 
form essentially agrees with that in Ref. ]7|. The phase factors a and b may be further 
fixed by the following OPE's 



S A (z)S B (w) ~ (z-w)^C AB + -- 
S A (z)S B (w) ~ C AB + -- 



In this case consistency with eq. ( |S7|) requires that 

M A C M B D Cch = Cab ■ 

Alternatively writing MC" 1 M T C = 1, we see that M" 1 = C" 1 Af T C. This relation fixes 
the phase factors to be a = ±i and 6 = ±1. Hence one may write 

M= { ^( e V^7 w -7^ forp+lodd 
I (^1)1 ( 6?, )mo-Mp 7 W • • • Y p 7n for p + 1 even . 

The remaining ambiguity in the sign ultimately determines the sign of the R-R charge 
carried by the Dp-brane, as shown in sect. [|. With our choice of conventions, M has the 
following symmetries 

(M) AB = (M) BA M T = CMC' 1 . 
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